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ABSTRACT 

Let (aZ)Re z>0 be a holomorphic  semigroup in a Banach  algebra.  Provided  

t h a t  a cer ta in  integral  a long the  line Re z ---- 1 is finite, it is possible to 

e s t ima te  Ila zll purely  in t e rms  of this  integral  and  the  spect ra l  radius  

of a. This  generalizes earlier resul ts  of Ester le  and  Sinclair (used to prove 

t auber i an  theorems) ,  which were applicable jus t  to radical Banach  alge- 

bras.  

1. I n t r o d u c t i o n  a n d  m a i n  r e su l t s  

Throughout this paper, H denotes the open right half-plane: 

H = { z C C :  R e z > 0 } .  

Let (A, II" II) be a Banach algebra, not necessarily having an identity. A 

family ( a Z ) z e H  of elements of A is called a h o l o m o r p h i c  s e m i g r o u p  if the 

map z ~-~ aZ: H --+ A is holomorphic and satisfies 

(1) a z+w = aZa  ~ ( z ,  w • H ) .  

We write a 1 simply as a, so that a n has its usual meaning when n is a positive 

integer. 
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Suppose now that  A is a r ad ica l  Banach algebra, i.e., that  the spectral radius 

of every element of A is zero. Esterle [E, Theorem 2.4] showed that if (aZ)zeH is 

a holomorphic semigroup in A satisfying 

(2) log + IlaZll = O(Izl 'D as Izl ~ ~ ,  R e z  > 1, 

where a is a constant with a < 1, then in fact a z -- O. Subsequently, Sinclair 

[S, Theorem 5.6] improved this result by showing that  the same conclusion follows 

on replacing (2) by the weaker hypothesis that 

(3) / / l ° g +  Ila'+'"ll dy < ~o. 
l + y  2 

Apart from their intrinsic interest, these results have a beautiful application, 

namely a new proof of the Wiener tauberian theorem (see [E, §3] or [S, §5.51 for 

more details). 

The purpose of this paper is to investigate the consequences of (3) when A is 

a general Banach algebra, no longer assumed radical. Our starting point is the 

following simple but very general inequality, 

THEOREM 1.1: Let  (A, I1" II) be a Banach algebra, and let (aZ)zeH be a 

holomorphic  semigroup in A satisfying (3). Then we have 

(4) Ila=+211 < po-IlaZll (z • H), 

where 
p = spectral radius o f  a, 

(l f°°log+llal+'"ild.). 
a = e x p \ ~  ~_c~ l + y  2 

Remarks:  (i) If A is a radical Banach algebra, then necessarily p = 0, and so (4) 

implies that  a z -- 0 whenever Re z > 2. By the identity principle for holomorphic 

functions, it follows that  a s = 0 on H. Thus Theorem 1.1 contains the results 

of Esterle and Sinclair as special cases. In fact our proof of Theorem 1.1 is also 

more elementary, because, unlike Esterle and Sinclair, we make no appeal to the 

Ahlfors-Heins theorem. 

(ii) When A is no longer radical, Theorem 1.1 becomes a quantitative version 

of Sinclair's result. To appreciate the content of (4), it is helpful to compare the 

relative sizes of p, a and Ila211. There is a simple relation between these, namely 

(5) ,02 < lie211 < 0 "2. 
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The first inequality follows immediately from the fact that  p2 is the spectral 

radius of a 2, while the second is proved by integrating the inequality 

log [[a2[[ < log + [[al+iul[ + log + [[al-~u[[ 

with respect to the probability measure dy/Tr( l+y2)  on R, and then taking expo- 

nentials of both sides. Thus, for example, combining (1) and (5) we immediately 

see that  

IlaZ+21l < °~llaZll (z G g ) .  

The significance of Theorem 1.1 is that it replaces one of the a 's  in this elementary 

inequality with a p, which, as we have already seen, is crucial for the application 

to the Esterle and Sinclair theorems. 

The inequalities (4) and (5) have the interesting consequence that  they yield 

bounds for even powers of a which depend only on p and a, and not on the 

individual semigroup. Indeed, starting with a 2n, after n - 1  applications of (4) we 

have l[a2n]l <_ (pcr)n-l[la2]l , and combining this with (5), we obtain the following 

corollary. 

COROLLARY 1.2: Under the assumptions of  Theorem 1.1, we have 

(6) II~II ~ p~ - '~+ '  (~ ~ 1). 

In fact this is a special case of the following more general result. 

T~EOR~,~ 1.3: Let (A, II" II) be a Ba~ach algebra, and let (a=)=~. be a 
holomorphic semigroup in A satisfying (3). Then, writing z = x + iy, we have 

(7) IlaZll < p½~-la½x+~lYl+K (Rez > 2), 

where p, a are defined as in Theorem 1.1, and 

K = 1 + 4 ~ "  (-1)_ k 
~ (2k + 1)~ ~ 2.186. 

Further, i f  Re  z is also an even integer, then (7) holds with K = 1. 

The inequality (7) yields positive information even if p is replaced by a. To put 

this in context, we recall that  a key step in Sinclair's improvement of Esterle's 

original result was a lemma [S, Lemma 5.7], suggested by A. M. Davie, showing 

that  the condition (3) automatically implies that  the semigroup is of exponential 

type on the half-plane Re z > 3. Prom (7) we can read off an improvement of 

this lemma, not apparently obtainable by the methods of IS]. 
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COROLLARY 1.4: Under the assumptions of  Theorem 1.3, the function z ~-* []a z [[ 

is of  exponential type on the half-plane Re z _> 2. 

We do not know whether the 2 can be reduced any further, since the proof 

of (7) is valid only for Re z >_ 2. However, we can prove an inequality valid for 

all Re z > 1 at the cost of imposing an extra condition on the semigroup, namely 

that  

(8) [laZll 74 as z 0. 

This condition is automatically satisfied, for example, if A is the algebra of 

bounded operators on a complex Banach space and a ~ tends strongly to the 

identity as x ~ 0 +, as is the case for a C0-semigroup (see [HP, §10.6]). 

THEOREM 1.5: Let (A,I[.  II) be a Banach algebra, and let (a~)zeH be a 

holomorphic semigroup in A satisfying (3) and (8). Then, writing z = x + iy, we 

have 

(9) I]a~]l _< p~- la  (l~-21+M)2/4(x-1) (Rez > 1), 

where p, a are defined as in Theorem 1.1. 

Which of the inequalities (7) and (9) is better? When x is large compared 

with ]y], the answer depends on the value of pa: if pa > 1 then the bound in 

(7) is better, while if pa < 1 then (9) gives the sharper estimate. On the other 

hand, when [y[ is large compared with x, then (7) is always the better inequality, 

because the exponent of a is linear in lY], whereas in (9) it is quadratic. 

Finally, we remark that  putting z = 2 in (9) gives [[a2[[ _< pa, which leads to 

the following improvement of (6). 

COROLLARY 1.6: Under the assumptions of  Theorem 1.5, we have 

(10) []a2n][ < p'~a n (n >_ 1). 

The strategy for proving all these theorems is the same: first establish a crude 

estimate using just the semigroup law (1) and the hypothesis (3), and then refine 

it by the methods of complex analysis, exploiting the fact that  the semigroup 

is holomorphic. The crude estimates are derived in Section 2, the necessary 

tools from function theory are developed in Section 3, and then the proofs are 

completed in Section 4. Finally, in Section 5, we make some concluding remarks 

and pose a few questions. 
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2. E l e m e n t a r y  e s t i m a t e s  

In this section we derive some simple estimates which do not depend on holomor- 

phicity. To emphasize this, the results will be stated for a c o n t i n u o u s  semi-  

g roup ,  namely a family (aZ)zEH in A, still satisfying (1), for which the map 

z ~-* a z is now merely continuous on H rather than holomorphic. 

LEMMA 2.1: Let (A, I[" [[) be a Banach algebra, and let (aZ)zeH be a continuous 

semigroup in A. Then, given w E H,  0 E ( - ~ ,  }) and M > infr>o ]la~#°[] 1/~, 

there exists a constant C such that 

LI a=+~'" [I <- CM~ (r >_ 0). 

Proof: By definition of M, there exists ro > 0 such that  

ILa II < M 

Given r _> 0, write r = kro + s, where k is a non-negative integer and 0 _< s < ro. 

Then we have 

w h e r e  C = SUPo<s<~o (lla ~+~'0 I[/M~). s 

Note that,  by the spectral radius formula, we can choose M as close as we 

please to the spectral radius of a #e . In particular, taking 0 = O, we deduce the 

following corollary. 

COROLLARY 2.2: Under the assumptions of Lemma 2.1, 

l imsup _ p, 

where p is the spectral radius of  a. 

Lemma 2.1 can easily be adapted to yield bounds for suPlol<~ [[a ~+~e'e [[, pro- 

vided that a < ~r/2 (see e.g. [S, §5.2]). On the other hand, to obtain estimates 

on a whole half-plane, we need to invoke an assumption on the growth of the 

semigroup. Here is a result of this kind, in which we assume that  (3) holds. The 

resulting inequality, though weak, holds on a relatively large domain. 
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LEMMA 2.3: Let (A, If" ]l) be a Banach algebra, and let (aZ)zEH be a continuous 

semigroup in A satisfying (3). Then, given w • H, there exists a constant C 

such that 

Ila"+x+Zll < Ce I~l= (z • U ) .  

Proof." Set 

E = {t • R:  log + [lal+Ull > (1 + t2)/2} and 
I = / ~ o  log+ ilal+itll 

oo 1 + t 2 dt. 

Then E is an open subset of R,  and has Lebesgue measure at most 2I because 

I > /E  l°g+ ilal+Ul] /E  1 - 1 + t 2 dt >_ ~ dt. 

Therefore, given y • R,  there exists t • R \ E with lY - t] < I, and so 

[]a½~°+l+~Y]l < ]lal+itllila½~+i(v-t)l] 

e½+½ e Ila½~+~CY-*)l[ 
1 2 2 

< e~ +I +y Ila½~+~(y-t)ll 

<_~ C1 ey2 , 

where C1 = e½ +P sup[,[<i Ila½~+~ll. 

Also, applying Lemma 2.1 with 8 = 0, there exist constants C2, M such that 

for all x >_ 0, 

JJa½~°+xJJ _< C2M ~ = C2eXl°g M <_ C2e~2+(l°gM) 2 

Combining these inequalities, we deduce that for z = x + iy E H, 

[[a~+l+~[[ < [la½~+Xlllla½~+l+~Y[I < C~eX~+('°gM)2 CleY~ = Ce N2, 

where C = C1C2eO°g M)2. II 

Finally, in proving Theorem 1.3, we shall need the following extension of (5). 

LEMMA 2.4: Let (A, I]" ][) be a Banach algebra, and let (aZ)zeH be a continuous 

semigroup in A satisfying (3). Then 
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w h e r e  a is d e f i n e d  as  in  T h e o r e m  1.1. 

P r o o f  We can suppose, without loss of generality, that  y > 0. Then we have 

f.l  log+ Ila~+-II S~ ~ l°g+ Ila~+"ll dt 7r log c~ = 1 + t 2 d t  + -o~ /2 1 + t 2 

= L c¢12 l°g+-~-~-~)211ai+i(y-t)li dt  + L °°12 l°g+l +llal+it l i t 2  dt  

> [ ~  l°g+ Ila~+~@-OII + l°g+ Ila~+"ll dt  

-- Jy12 1 + t 2 

> / o ~  log+ ila2+,y]l dt 
- Jy/2 1 + t 2 

= log + Ila=+'~'ll arctan(2/y),  

and therefore 
Ila2+'ll <_ a~l~t~"(21y). 

To complete the proof, it thus suffices to show that  

This is equivalent to 

arctan(2/y) ~ 2 + ~ y  (y > 0). 

1 1 < -2  t u)'u>^', 
arctan u u - 7r 

which, in turn, is equivalent to 

1 i 2 
0 tan 0 - 

However, since 

dO 0 

it follows that  

163 

(0 < 0 < ~/2). 

1 )  , 1 
t a r o  - - ~  + s i n 2 0  > 0  

(0 < 0 < Ir/2), 

sup = lim = - 
0<0<~/2 tan0  0--,~/2- t an0  7r 

and so the desired inequality is indeed true. | 
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3. S o m e  resu l t s  f r o m  func t ion  t h e o r y  

In this section we gather together the results that we shall need from complex 

analysis, starting with a simple lemma about harmonic functions. 

LEMMA 3.1: Let ~: OH ~ [0, c~) be a continuous function such that 

f /  ~(it) < ~ ,  dt 
l + t  2 

and define h: H ---* [0, oo] by 

1 x 
h ( x  + ~ )  = - J_ ~(it) dr. 

~r oo x 2 + ~ -  t)~ 

Then: 

(i) h is a positive harmonic [unction on H; 

(ii) lim~_~¢ h(z) = ~(~) for all ( E OH; 

(iii) h(z) <_ h(X)([z - 1[ + [z + X[)2/(4Rez) for all z E H. 

Proofi Both (i) and (ii) are standard (see e.g. [G, Chapter I, Lemma 3.3]). 

Part  (iii) is a thinly disguised form of Harnack's inequality. Indeed, if we define 

h(w) = h((1 + w)/(1 - w)) for [w] < 1, then h is a positive harmonic function 

on the unit disc, and so by the standard form of Harnack's inequality (see e.g. 

[R, Theorem 1.3.1]), 

~(w) < ~(o) 1 + I~'1 (Iwl < 1). 
- 1 - I w l  

Re-writing this in terms of h(z) gives the inequality in (iii). I 

We shall also need a version of the Phragm~n-Lindelhf principle. In its classical 

form, this reads as follows (see e.g. [R, Theorem 2.3.7]). 

PHRAGMEN-LINDELOF PRINCIPLE FOR SECTORS: Let S be the sector 

s = {z z c \ { 0 } :  I arg(z) - 01 < ~ / 2 } ,  

where 0 E R and ~3 E (0, 27r), and let u: S --* [-oo, oc) be a subharmonic function 

satisfying: 

(i) lira sup~__.¢ u(z) _< 0 for all ( E OS, and 

(ii) u+(z) = O([z[ ~) as Iz[ --. co, where aj3 < lr. 
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Then u <_ 0 on S. 

In par t icular ,  if S is the half-plane H ,  t hen /3  = or, and so we need a < 1 for 

this theorem to be applicable.  However, in our context ,  all t ha t  we shall know a 

priori is t ha t  u+(z) = O ( M  2) on H.  We therefore prove the following version of 

the result, in which the restr ict ion on a is relaxed, albei t  at  the cost of an ex t ra  

hypothesis  on u. 

LEMMA 3.2: Let u: H --* [-oo, oo) be a subharmonic function satisfying: 

(i) l imsup~_.¢ u(z) <_ 0 for all ~ • OH, 

(ii) u+(z) -- O([z[ ~) as [z[ -+ oo, where a < oo, and 

(iii) limsup~_.oo u(re~e)/r < oo for each 0 • ( - ~ ,  ~).  

Then we have 

u(z) <_ L Re z (z • H) ,  

where L = limsupr__. ~ u(r)/r .  

Proo~ For convenience, we extend u to H by set t ing u _ 0 on OH. The  

hypothesis  (i) ensures t ha t  u, thus extended,  is upper  semicontinuous on H .  

Our  first object ive is to show tha t  

(11) u+(z) = O(H ) as Izl ~ oo. 

Fix 3 E (0, 27c) wi th  a 3  < or. Take 0 with 101 _< or/2 - / 3 / 2 ,  and let Se be  the 

sector 

So = {z • C \ { 0 } :  ] arg(z)  - 0] < ~/2} .  

Then,  using the hypothesis  (iii) wi th  0 replaced by 8 ± / 3 / 2  (or, if one of these 

is +7r/2, the fact t ha t  u = 0 on OH), there exist constants  Ce, D6 such tha t  

u(¢) < ce + Do ae ~ (~ ~ OSe). 

Applying the Phragm4n-Linde lSf  principle to u( z ) -Ce  - D e  Re z on the sector So, 

we deduce tha t  

u(z) < co + Do Re z (z c Se). 

As H can be covered by a finite number  of such sectors So, we conclude tha t  (11) 

holds. 
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This now gives us the right to repeat the above argument with 13 replaced 

by any number less than 7r. In particular, the Phragm~n-Lindelhf principle is 

applicable to u on the quadrants 

g + = { z E H :  ] m z > 0 }  and H - = { z E H :  I m z < 0 } .  

Given L > limsup~_.~ u(r) /r ,  there exists a constant C > 0 such that u(r) <<_ 

C + Lr (r > 0). Together with the fact that  u <_ 0 on OH, this implies that  

u(~) <_ C +  LRe~  (~ 6 OH + UOH-) .  

Applying the Phragm~n-Lindelhf principle to u(z) - C - L Re z on each of H + 

and H - ,  we deduce that 

u ( z ) < _ C + L R e z  ( z E H ) .  

It follows that  the function u ( z ) -  L Re z is bounded above on H. This means that  

we can apply Phragm~n-Lindelhf to it directly on the whole half-plane. Since 

u(~) - L Re ~ _< 0 on OH, our conclusion is that  

u(z) <<_ L Re z (z E H). 

Finally, as this holds for each L > limsupr__. ~ u(r)/r ,  it is also true with L -- 

lim supr__.~ u(r)/r .  I 

Lastly, in the proof of Theorem 1.3 we shall also need a Phragm~n-Lindelhf 

principle for strips. The standard result of this kind is the following (see e.g. [R, 

Theorem 2.3.5]). 

PHRAGMI~N-LINDEL()F PRINCIPLE FOR STRIPS: Let T be the strip 

T =  {z E C: c -  1 < Rez  < c + l } ,  

where c E R, and let u: T ~ [-co, co) be a subharmonic function satisfying: 

(i) lira supz_~ ¢ u(z) <_ 0 for all ¢ E OT, and 

(ii) u+(z) = O(e ~lzl) as [z[ ~ co, where a < r / 2 .  

Then u <_ 0 on T. 

Again, this will not be quite enough for our purposes. This time it is the 

hypothesis (i) which needs to be extended. 
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LEMMA 3.3: Let T be the strip 

T = (z E C: c -  1 < Rez < c ÷  1}, 

where c E R,  and let u: T --* [-oo, oo) be a subharmonic function satisfying: 

(i) limsupz__< u(z ) _< ]Im(] for all ~ 60T, and 

(ii) u+(z) = O(e ~lzl) as [z[ --* c~, where a < 7r/2. 

Then we have 

u(z) <_ [Imz[ +8n/Tr 2 (z e T), 

where n = ~-~=o(-1)k(2k + 1) -2 (Catalan's constant). 

Remark: The proof will make it clear that  the constant is sharp. 

Proof." We can suppose, without loss of generality, that c = 0, so that  T -- 

{z: I Rez[ < 1}. Let WT(Z,') denote the harmonic measure for T at a point 

z E T, and define h: T -+ [0, col by 

h ( z ) = ~ T  ]Im(ldwT(Z,()  (z 6 T). 

Then, in particular, we have 

1 / ~ o  i i m ( _ l  + i t ) i  1 / o ~  iim( l + i t ) I  
(12) h(0) = 4 . - o o  cosh(Trt/2) dt + 4 . - o ~  cosh(~rt/2) dt < cx~, 

which implies h is a positive harmonic function on T, satisfying lim~_~¢ h(z) = 

]Im(l  for all ~ 6 0 T .  (In essence, this is just a special ease of Lemma 3.1, 

transformed under a conformal mapping.) 

Now set ~ = u - h. Then ~ is a subharmonic function on T, satisfying 

limsupz__.¢~(z ) < 0 for all ( 6 0 T ,  and ~+(z) = O(e ~1~1) as ]z] --* co, for 

some a < ~r/2. Applying the Phragm4n-LindelSf principle for strips, we deduce 

that  ~ < 0 on T, or in other words, that  

(13) u(z) <_ h(z) (z 6 T). 

Thus, we need to estimate h(z) for z 6 T. Given x + iy 6 T, we have 

h ( x + i y ) =  f I Im¢idWT(x+iy ,~)  
Jo T 

-- lOT [Im(¢ + iy)[dwT(X,¢) 

< f (IIm(I + lYl) dwT(X,¢), JO T 
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and so 

(14) h(x + iy) <_ h(x) + ]y] (x + iy E T). 

This leaves us with the problem of estimating h(x) for x E T Cl R. Given 

x + iy E T, a calculation like the one above shows that  

+ h(x - iy) = -~.f~T(] Im(¢ + iy)] + ]Im(¢ -- iy)l ) da~T(X, ~) h(x + iy) 

_> [ IIm(2¢)ldwT(X,~) = 2h(x). 
Jo T 

Hence, if we set v(z) = -h(z )  - h(-5), then v is a subharmonic function on r 

satisfying 

sup v(x + iy) = -2h(x)  (x E T M R). 
yER 

Applying the Phragmdn-Lindelbf principle to v on the strip {w: I Rewl < x}, 

where 0 < x < 1, we deduce that 

v(w) < m ~ x ( - 2 h ( x ) , - 2 h ( - x ) )  (I Re wl < x)- 

Since v(0) = -2h(0) and h is an even function, it follows that  

(15) h(x) <__ h(O) (x E T M R). 

Combining (13), (14) and (15), we have proved that 

u(z) < I Imzl + h(0) (z E T), 

and all that  remains is to evaluate the constant h(0). This we do using (12): 

/ /0 1 ~ Itl dt = 2 te-'~t/2(1 + e-'~t) -1 dt 
h(0) = ~ ~ cosh(~rt/2) 

fo s Z(_l)k(2k + = 2 ~ ( - 1 )  k te -(k+½)'~t d t =  ~-~ k=o 
k=0 

This completes the proof of the lemma. I 
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4. C o m p l e t i o n  of  proofs  

In this section we combine the elementary inequalities of Section 2 with the func- 

tion theory of Section 3 to complete the proofs of the three theorems in Section 

1. We shall exploit repeatedly the fact that if z ~ aZ: H ~ A is holomorphic 

then z ~ log JJaZjl: H ~ [-co, oc) is subharmonic (see e.g. [R, Lemma 6.4.1]). 

Proof  of  Theorem 1.1: Fix w • H, and define h: H --~ [0, cc] by 

1 f ~  x lia~+l+~l I h(x + iy) = ~ ~ x2 + (y _ t) ~ log + dt. 

Lemma 3.1, together with the hypothesis (3), implies that  h is a positive harmonic 

function on H, and that  

lim h(z) = log + Jla~+l+¢JJ (~ • OH). 
z - ~  

Define u: H ~ I-co, co) by 

u(z) = log IJa~+l+~ N - h(z). 

Then u is subharmonic on H, and 

limsupu(z) _< 0 (¢ • OH). 
z ~ ¢  

Also, by Lemma 2.3, 

~+(z) = O(lzt 2) 

and by Lemma 2.1, 

lim sup u(re~O)/r < oo 

Therefore we can apply Lemma 3.2 to deduce that  

u(z) <_ L(Re z) (z • H), 

where, by Corollary 2.2, 

a~ Izl--~ ~ ,  

L = lira sup u(r)/r ~_ log p. 

(e • ( -~ ,  ~)). 
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Hence, we conclude that  for z, w E H ,  z -- x + iy ,  

(16) log Ilaw+l+zll <_ (logp)x + 1 f f  
x 

oo x2 + (Y - t) 2 l°g+ Ila~+l+itll dt. 

Now putting z = 1 in the above inequality, we obtain 

log ]la +Zll < log p +  1 ./7 log + 
- -~ _ _  ~ 1 + t 2 d t  

1 fff log + Ilal+  ll _< l o g p +  co 1 + t 2 dt + log + Ila~l[, 

which, after taking exponentials, gives 

Ila~+2ll < pamax(lla~l], 1) (w C H). 

Repeating the argument with the semigroup (aZ) zeg  replaced by (i~ZaZ)~eg, 

where A > 1, we obtain 

]la~+2II < pamax(Ila~]], A -Re~) (w e H). 

Finally, letting A --~ c~ gives (4) and completes the proof. | 

P r o o f  o f  T h e o r e m  1.3: Suppose first that Re z is an even integer, say z = 2 n + i y ,  

where n > 1 and y C R. Applying Theorem 1.1 ( n - l )  times and then Lemma 2.4, 

we have 

(17) Ila2n+i,II _<~ (/9o')n-lo 2+~]y[, 

which is just the inequality (7) for this z with K = 1. 

For the remaining z we proceed as follows. Let k k 1 be an integer, and let irk 

be the strip 

Tk = {z e C: 2k < Rez < 2k + 2}. 

Define u: Tk ~ [-c~, ~ )  by 

u(z )  = log Ila~ll - ( l o g p ) ( R e z / 2  - 1) - (log(r)(Re z/2 + 1). 

Then u is subharmonic on Tk, and taking n = k, k + 1 in the inequality (17) 

shows that  

l imsupu(z) < ( ~r ) z--*¢ _ ~ l o g a  IIm¢l (~ e O T k ) .  
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Also, we certainly have u+(z) = O(e ~rzl) for some a < 7r/2, since from Lemma 2.3 

we even know that  u+(z) = O(N2). Therefore we may apply Lemma 3.3 to a 

multiple of u to deduce that  

7r u(z) <_ (-~loga)(]Imz]+8n/Tc') (zCTk), 

which, when unravelled, gives the inequality (7) for z E Tk with K = 1 + 4~/~r. 

As the strips (Tk)k>l cover the region {z: Re z > 2, Re z not an even integer}, 

this completes the proof. | 

Proof of Theorem 1.5: This is the same as the proof of Theorem 1.1 up as far as 

the inequality (16), but now we treat it in a different way. Using Lemma 3.1 (iii), 

we have, for all z, w E H, 

loglla~+l+zll<(logp)(Rez)+_ (1/ /oo  l°g+ l[[aw+l+itI[-]- t 2 dt ) ( I z -  11+ [ z + 4  Re z 11)2 

We would like to let w --+ 0 in this inequality, but it is not clear whether we 

are justified in taking the limit inside the integral. However, under the extra 

hypothesis (8), we know that there is a sequence (wn) tending to 0 in H such 

that ]la ~" II remains bounded. Thus if we let w --~ 0 through this particular 

sequence, then the dominated convergence theorem is applicable, and we may 

indeed conclude that  

log Ilal+Zll _< (logp)(Re z) + (loga) (Iz - 11 + Iz + l l )2 / (4Rez)  (z E H). 

The inequality (9) now follows on replacing z by z - 1 throughout and taking 

exponentials. | 

5. Concluding remarks and questions 

(i) To give a direct proof of the original results of Esterle and Sinclair, all that  

is needed is to follow the proof of Theorem 1.1 as far as the inequality (16), 

and then use the fact that  in a radical Banach algebra logp = -c~.  Such a 

proof was already pointed out in JR, Theorem 6.4.9]. Note that  the place of the 

Ahlfors-Heins theorem from the original proofs has now been taken by the more 

elementary Lemma 3.2. 

(ii) Dales and Hayman [DH] have refined Esterle's technique to prove the 

tauberian theorem for Beurling algebras. Is there also a quantitative version 

of their result? 
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(iii) To what extent, if any, are the inequalities (4), (7) and (9) sharp? In 

particular, are the exponents of p and cr in (7) anywhere near the best possible? 

(iv) Given p,~r as in Theorem 1.1, is it possible to find bounds for [[a~[[ when 

Re z < 1? The answer is no, because of the following simple example shown 

to the author by Michael White. Let ~ > 0, let [[-It be the norm on C given 

by IIwH = e'rlw[, and let (aZ)zeg be the holomorphic semigroup in C given by 

a z -- e -Tz. Then [[al+~YI[ = 1 for all y • R,  so a -- 1 and p < 1 (in fact p -- e-V). 

However, given z with 0 < Rez  < 1, we have [[aZII = e ~O-me~), which can be 

arbitrarily large depending on the choice of 7- (Note that  although the norm is 

submultiplicative, it is not quite an algebra-norm on C because [[1[[ ¢ 1, but we 

can circumvent this problem simply by adjoining to C a new identity of norm 1.) 

(v) Here is a related question. If (3) holds, then it is clear that  for x > 1 

/_ ~ l°g+ dy < oo, 
oo 1 +y2  

but can we also conclude that  the integral is finite if x < 1? 

(vi) Suppose that  (aX)~>0 is a C0-semigroup of bounded linear operators on 

a complex Banach space. Then one can associate to it its infinitesimal gener- 

ator, from which, in turn, the original semigroup can be recaptured (see e.g. 

[HP, Chapters 10-12]). Thus, in principle, all the properties of the semigroup 

are reflected in the infinitesimal generator. For example, the property of having 

a (certain type of) holomorphic extension (aZ)zEH to H can be characterized in 

terms of the infinitesimal generator using a version of the Hille-Yosida theorem 

(see e.g. [HP, Theorem 12.8.1]). It would be interesting to find an analogous 

characterization of the property (3). 

(vii) An inspection of the proofs in this paper shows that  we have exploited 

the semigroup property (1) only through its weaker consequence that  

Ila~+~ll < ItaZillla~ll (z ,  w • H), 

and also we have used the holomorphicity of z ~-+ a z only via the subharmonicity 

(and continuity) of z ~ log IlaZH. Thus, the whole paper could in fact have been 

written purely in terms of subadditive subharmonic functions. This suggests 

perhaps that,  to answer some of the questions posed above, we should apply the 

definition of holomorphic semigroup more directly than has been tried so far. 
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